In this paper, we establish new fixed point theorems which simultaneously generalize and improve Banach contraction principle, Kannan's fixed point theorem, Chatterjea's fixed point theorem and some known results in the literature.
Introduction and preliminaries
The celebrated Banach contraction principle [1] is one of the best known fixed point theorems in metric fixed point theory and plays an important role in nonlinear analysis and applied mathematical analysis; see [3] [4] [5] [6] [7] [8] [9] [10] [12] [13] [14] and references therein. Later, Kannan [11] and Chatterjea [2] established their interesting fixed point theorems. It is worth mentioning that the three fixed point theorems are different from each other in their map conditions. Theorem 1.1 (Banach [1] ). Let (X, d) be a complete metric space and T : X → X be a sefmapping. Assume that there exists a nonnegative number γ < 1 such that d(T x, T y) ≤ γd(x, y) for all x, y ∈ X.
Then T admits a unique fixed point in X. Theorem 1.2 (Kannan [11] ). Let (X, d) be a complete metric space and T : X → X be a selfmapping. Suppose that there exists λ ∈ 0,
Then T admits a unique fixed point in X.
) be a complete metric space and T : X → X be a selfmapping. Suppose that there exists λ ∈ 0,
Then T admits a unique fixed point in X. In [7] , Du introduced the concept of MT (λ)-function which generalizes the concept of P-function [14] . (1) µ is an MT (λ)-function.
It is obvious that if
(9) For any eventually nonincreasing sequence {x n } n∈N (i.e. there exists
(10) For any eventually strictly decreasing sequence {x n } n∈N (i.e. there exists In this work, we establish some new fixed point theorems which are original and quite different from the well known results in the literature. Some of these new fixed point theorems simultaneously generalize and improve Banach contraction principle, Kannan's fixed point theorem, Chatterjea's fixed point theorem and some known results in [8, 9] and others.
Main results
In this section, we first establish a new fixed point theorem which generalizes and extends Banach contraction principle, Kannan's fixed point theorem and Chatterjea's fixed point theorem simultaneously.
Theorem 2.1. Let (X, d) be a complete metric space and T : X → X be a selfmapping. Define two mappings D, S :
respectively. Suppose that
such that
for all x, y ∈ X with x = y.
Then T admits a fixed point in X.
Proof. Let u ∈ X be given. If T u = u, then u ∈ F(T ) (here, F(T ) denotes the set of fixed points of T ) and we are done. Otherwise, if T u = u, we define a sequence {x n } n∈N by x 1 = u and x n+1 = T x n for all n ∈ N. Since ϕ(t) < 1 4 for all t ∈ [0, ∞), we can define a function ξ : [0, ∞) → 0, by ξ(t) = 1 2
Clearly, 0 ≤ ϕ(t) < ξ(t) < 1 4 for all t ∈ [0, ∞). Since x 2 = T x 1 = x 1 , by condition (D1), we have
where
and hence
If T x 2 = x 2 then x 1 ∈ F(T ) and we are done. Assume T x 2 = x 2 . Then
Similarly, by (D1) again, we obtain
Therefore, by induction, if x n+1 = x n then we can get
By (2.1), we know that the sequence {d(x n+1 , x n )} n∈N is strictly decreasing in [0, ∞). Since ϕ is an MT -function, by applying Theorem 1.4, we obtain 0 ≤ sup
. Thus λ ∈ (0, 1). We claim that {x n } n∈N is a Cauchy sequence in X. Indeed, for any n ∈ N, by (2.1), we get
Hence we obtain
For m, n ∈ N with m > n, from (2.2), we obtain which shows that {x n } n∈N is a Cauchy sequence in X. By the completeness of X, there exists v ∈ X such that x n → v as n → ∞. Now, we verify that v ∈ F(T ). Clearly, the condition (D1) still holds for x = y ∈ X. So, for any n ∈ N, by (D1), we have
Since x n → v as n → ∞, by taking the limit as n → ∞ in the last inequality, we get
which deduces d(v, T v) = 0 and hence v ∈ F(T ). The proof is completed. such that
Proof. Clearly, (D2) implies (D1). Applying Theorem 2.1, F(T ) = ∅. We claim that F(T ) is a singleton set. Suppose there exist u, v ∈ F(T ) with u = v. By (D2), we obtain
a contradiction. Therefore F(T ) is a singleton set and T has a unique fixed point in X. (b) Some interesting new fixed point theorems can be established immediately by applying Theorem 2.1; for more detail, one can refer to [8, 9] .
The following new fixed point theorems are immediate consequences of Theorem 2.1. for all x, y ∈ X with x = y. Then T admits a fixed point in X. for all x, y ∈ X with x = y. Then T admits a unique fixed point in X.
